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Sharp metal corners and tips support plasmons localized on the scale of the curvature radius - 
superlocalized plasmons. We analyze plasmonic properties of nanoparticles with small and sharp 
corner- and tip-shaped surface perturbations in terms of hybridization of the superlocalized plas¬ 
mons, which frequencies are determined by the perturbations shape, and the ordinary plasmons 
localized on the whole particle. When the frequency of a superlocalized plasmon gets close to that 
of the ordinary plasmon, their strong hybridization occurs and facilitates excitation of an optical 
hot-spot near the corresponding perturbation apex. The particle is then employed as a nano-antenna 
that selectively couples the free-space light to the nanoscale vicinity of the apex providing precise 
local light enhancement by several orders of magnitude. 

PACS numbers: 78.67.Bf, 73.20.Mf 


I. INTRODUCTION 

Efficient coupling of light to nanometer size volumes 
is one of the biggest challenges of modern optics; it 
is desired for numerous potential applications. To 
overcome the light diffraction limit, localized plasmons 
(LPs) supported by metal nanoparticles and nanowires 
can be utilized. 1 ® In this way, valuable progress has 
been achieved in creating plasmonic optical sensors of 
single atoms and molecules,® bio-sensors,® and nano- 
lasers.® The related local concentration of light fields 
strongly enhances the Raman scattering® and the har¬ 
monic generation.® 

Plasmonic properties of a m etal nanoparticle are pri¬ 
marily determined by its shape. 1 ® With analytical solu¬ 
tions available only for the simplest (e.g., spherical and 
ellipsoidal) shapes, many efforts have been spent on nu¬ 
merical modeling of LPs of complex-shape particles P® 
It is recognized that adding new shape features enriches 
the LP spectrum considerably. In certain cases, it is pos¬ 
sible to consider plasmons of complex particles as a result 
of hybridization of plasmons supported by constituents of 
simpler shape®®® similarly to hybridized diatomic elec¬ 
tronic states!® 

Metal nanoparticles and nanowires with sharp shape 
features, such as corners and tips, represent an important 
special case. Perfectly sharp corners and tips are phys¬ 
ically meaningless with regard to plasmons.® The sim¬ 
plest polyhedral 2D particles - wires of smoothed square, 
triangular and rhomboidal cross sections - exhibit highly 
specific plasmonic properties: The resonant values of the 
metal permittivity are determined by the geometric pa¬ 
rameters of the corners - the apex angle and the curva¬ 
ture radius! 16 — A similar behavior was predicted for 3D 
particles of smoothed cubic shapes!® Generally, as the 
sharpness increases, the plasmons become superlocalized, 
i.e. localized on the scale of the curvature radius. The lo¬ 
cal values of electric field then exceed considerably those 
in the incident light wave. Solid links between such su¬ 


perlocalized plasmons (SLPs) of metal corners and tips 
and the optical singularity a t perf ectly sharp wedges and 
cones have been established. 1 ®® 

Nanosize perturbations of metal surface, both 
random- 3 and regular)® strongly affect plasmons and 
their contribution to optical phenomena. Sharp pertur¬ 
bations of a flat metal surface also support SLPs which 
admit a relatively simple analysis including determina¬ 
tion of plasmonic frequencies and field distributions! 20 
One can expect that a sharp perturbation provides al¬ 
most the same SLP properties whether it is placed on 
the flat metal surface or on a smooth nanoparticle sur¬ 
face. However, this expectation comes true only partially 
and its failure is worthy of attention. The point is that 
the frequencies of SLPs and LPs depend on essentially 
different shape parameters, and for this reason they can 
eventually be close to each other. In this case, a strong 
hybridization of large-scale LPs with short-shale SLPs of 
a nanoparticle can be anticipated. 

In this paper, we analyze the SLP-LP hybridization 
and its optical consequences for the simplest unperturbed 
nanoparticle shapes with non-degenerate LP spectra (el¬ 
liptic wires and spherical particles) and sharp corner- and 
tip-shaped surface perturbations. 


II. BASIC RELATIONS 

For subwavelength particles, the full set of Maxwell’s 
equations reduces in the quasi-static approximation to 
the Laplace equation for the electric potential 4> P® The 
latter satisfies the conventional boundary conditions in¬ 
cluding the relative (to the dielectric background) com¬ 
plex permittivity e(u>) = s'(to) + is"(to). Furthermore, it 
is convenient to transfer from the differential eigenvalue 
problem for <f> in space to an equi valent integral problem 
for the surface charge density a. 2 1 24 l 25 l In this approach, 
the plasmonic eigenfunctions ay obey the integral equa- 
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tion 


[ K{ r,r') <jj(r')dr' = Aj <jj{ r), (1) 

J B 

where the eigenvalues A j = (sj + l)/(ej — l) are expressed 
by the real resonant permittivity Sj , the kernels in the 
3D case (nanoparticle) and the 2D case (nanowire) are 
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B is the 3D or 2D boundary of the particle, and n = n(r) 
is the unit vector of the external normal. 

Although the integral operator in Eq. ([I]) is non- 
symmetric, its eigenvalues are real and its eigenfunctions 
are mutually orthogonal for the scalar product defined 
asPU 
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This allows us to normalize cr 7 as ( tJj-crk ) = f B <Tj(t>kdr' = 
= Sjk, where </>&(r) is the surface value of the 
electric potential induced by the charge density <Jk and 
the brackets denote the surface integral. Note that (f>k 
can be also obtained directly as a solution (denoted as 
Tk in Ref. [25]) of the integral problems adjoint to Eq. ([!]), 
i.e., with the arguments of the kernels permuted. 

Considering the particle in an external electric field 
E 0 (r), one can find the coefficients of expansion of a in 
terms of <jj and calculate the key observables!^— ^ In 
particular, evaluation of the induced dipole moment of 
the particle (rcr) yields the polarizability tensor 
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FIG. 1: Profile of the corner-shaped perturbation of elliptical 
wire as described by Eqs. 0 and Q for a = 2, 8 = 0.05, 
h = 0.05, and p = 0.01 (solid line). The dotted and dashed 
lines show the unperturbed wire and ideally sharp p —> 0 
perturbation profiles respectively. 


Numerical solution of the eigenvalue problem (|T]) is the 
most demanding stage of calculations. In the 2D case, 
it poses a one-dimensional integral eigenvalue problem 
which can be solved on a desktop computer. In the 3D 
case, it can be considerably simplified by choosing appro¬ 
priate particular cases, e.g., by considering a particle of 
axially symmetric shape that allows surface parametriza- 
tion in the spherical coordinates as a single-valued func¬ 
tion r = r{9). Then one can introduce the charge den¬ 
sity a(6,ip) and search for the eigenfunctions in the form 
e lmip aj{6) with integer to. For the external electric field 
applied along the symmetry axis, only the modes with 
to = 0 are excited, and Eq. 0 leads to a ID integral 
eigenvalue problem. 


III. NUMERICAL RESULTS 
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where and n„ are components of r and n. One can 
also calculate the normal component of the total electric 
field above the particle surface and determine its ratio to 
the external field applied in the same direction: 

£0) = 1+ Et~ 7T^^ n (r')-n(r)) <7j(r). (6) 

j e 3 ~ £ \U) 


A. Sharp corner on wire 

Let us consider a wire of elliptical cross-section with 
a sharp corner-shaped perturbation. The ellipticity re¬ 
moves the frequency degeneracy of LPs of a circular wire. 
The scale invariance allows for an arbitrary size nor¬ 
malization, and we parameterize the unperturbed wire 
boundary line in the polar coordinates as 

r 0 (ip) = (cos 2 ip + a 2 sin 2 <p) -1 ^ 2 , (7) 


The absolute value |£|(r) gives the local light-field en¬ 
hancement factor. 

Note the presence of the complex-valued factors [e ? — 
e(w)] in the denominators of Eqs. Q and ([6]) that reach 
their minimum absolute values | £ ,r Jujj)\ at the resonant 
frequencies ujj such that £ r (ojj) = Ej. Accordingly, a 
strong resonant increase of the particle response can be 
expected if e"(ojj) <C \e'(ujj)\. Often it is sufficient to 
restrict ourselves to a single resonant term in Eqs. 0 
and ([6|. 


where a is the ellipse axis ratio. The perturbed boundary 
line r(ip) = ro(tp) + ri(tp) includes a small sharp corner¬ 
shaped perturbation given by 
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where the height h and the half-width <5 are small positive 
parameters, the half apex angle of the corner is 9 a = 
arctan(5/ h ), and the sharpness is controlled by the small 
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parameter p that determines the curvature radius p = 
pS/h, see Fig. [l] 

With this parametrization we solved numerically 
Eq. Q using a discretization with crowding of points 
near the corner apex. The typical number of points about 
1000 was sufficient, and it was made sure that the general 
modal properties - zero total charge, twin symmetry,^ 
and orthogonality - were accurately fulfilled. 

Four lowest branches Sj(h) for the perturbed elliptic 
cross-section are shown in Fig. by solid lines. The in¬ 
tersecting horizontal dotted lines and negatively tilted 
dashed lines, given for comparison, show a few low¬ 
est resonant permittivity branches for the unperturbed 
wire (LP-branches) and for the same sharp perturba¬ 
tion placed on flat surfaces! (SLP-branches), respec¬ 
tively. Each £j(h) branch stays close either to an LP- 
branch or to an SLP-branch except for the vicinities of 
their intersections. Evidently, in these regions we have a 
strong hybridization of localized and superlocalized plas- 
mons with the avoided crossing structure of the branches 
typical for hybridized statesPS 

Furthermore, we have found that the surface-charge 
distributions are close to superpositions of app(ip) 

and ctslp(</ 5 ) corresponding to the LP resonances of the 
unperturbed wire and the SLP resonances of the pertur¬ 
bation placed on a flat surface: 

(j) (j) 

(Tj ~ CxpOLP + C^pCTSLP- (9) 

The mixing coefficients can be evaluated as projections 
Cpp = (<jj ■ ctlp) and Cgp P = (<jj • ctslp)- As seen from 
Fig. [2J,, the surface charge distributions are very close 
either to <7lp (when |cpp| « f and |cgp P | -C 1) or to ctslp 

(when |cgpp| ~ 1 and |cpp| -C 1) when the Ej branches 
are close to LP- and SLP-branches respectively. 

Near the avoided crossings, the LP and SLP contribu¬ 
tions to a j are comparable. Here the wire optical proper¬ 
ties - the polarizability and the field enhancement factor 
- behave very peculiarly. A representative color map of 
the polarizability in Fig. i shows that a noticeable dipole 
response of the wire occurring only when the relative per¬ 
mittivity is close to that of the lowest LP resonance is 
suppressed by the perturbation near the avoided cross¬ 
ing. At the same time, the field enhancement factor |£| 
experiences there a dramatic increase by several orders 
of magnitude (see Fig. [2fi). 


B. Sharp tip on spherical particle 

In the 3D case, a very similar situation occurs for 
a small sharp tip-shaped perturbation of a smoothly 
shaped nanoparticle. As the simplest example we con¬ 
sider a spherical particle with a conical tip of the same 
cross-section as above, i.e., of the shape obtained by ro¬ 
tating the profile in Fig. [l] around the vertical axis. Ac¬ 
cordingly, the particle surface is parameterized in the 



FIG. 2: Plasmonic properties of elliptic wire (the axis ratio 
a = 2) with the corner-shaped perturbation of the half-width 
5 — 0.05, the curvature radius p = 0.01 and variable height h. 
(a): The lowest resonant permittivity branches (solid) com¬ 
pared to those for the same perturbation of plane surfacd 20 ^ 
(dashed) and those of the unperturbed wire (dotted), (b): 
Projection coefficients for the plasmons with the lowest (solid) 
and second-lowest (dashed) resonant permittivities, (c): Color 
map of the wire polarizability with the resonant permittivity 
branches shown by lines, (d): Color map of the field en¬ 
hancement factor with the SLP- and LP-branches shown by 
dashed and dotted lines respectively. The ratio \e'\/e" = 20 
was assumed for (c) and (d). 
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FIG. 3: Plasmonic properties of the spherical particle with the 
tip-shaped perturbation of the half-width 5 = 0.1, the curva¬ 
ture radius p = 0.01 and variable height h. (a): The lowest 
resonant permittivity branches (solid) compared to those for 
the same perturbation of plane surfac^ 0 (dashed) and those 
of the unperturbed sphere (dotted), (b): Projection coef¬ 
ficients of the plasmons with the lowest (solid) and second- 
lowest (dashed) resonant permittivities, (c): Color map of the 
polarizability with the resonant permittivity branches shown 
by lines, (d): Color map of the field enhancement factor with 
the SLP-and LP-branches shown by dashed and dotted lines 
respectively. The ratio \e'\/e" = 20 was assumed for (c) and 
(d). 


spherical coordinates by the polar angle dependent ra¬ 
dius vector r{6) = ro(9) + n(0) where the functions ro 
and rq are given by Eqs. 0 and ([8]) and a = 1. 

The obtained branches of the resonant permittivity 
shown in Fig.0r follow either the horizontal LP-branches 
of the unperturbed sphere or the tilted SLP-branches of 
the conical tip on a flat surface. Near the intersections 
of the LP- and SLP-branches, the avoided crossings in¬ 
dicating strong hybridization occur. We evaluated the 
projection coefficients c£)p and Cg LP1 2 using the charge 
distribution ctlp of the lowest (dipolar) LP resonance 
of the unperturbed sphere and distributions ctslpi and 
0 SLP 2 of the lowest (SLP1) and second-lowest (SLP2) 
resonances of the tip-shaped perturbation of a flat sur¬ 
face respectively. As illustrated by Fig. 0b the plasmon 
charge densities are very close either to ctlp or to ctslpi ,2 
and a noticeable LP-SLP mixing occurs near the avoided 
crossings. 

The colormaps of polarizability and field enhancement 
factor presented in Figs. 0= an d0i respectively also show 
qualitative similarity with the 2D-case. Quantitatively, 
the band of high polarizability here is less affected by 
the perturbation showing a smaller decrease near the 
avoided crossings. The difference stems apparently from 
the weaker LP-SLP interaction in the 3D case (for the 
same perturbation size) as the tip-shaped perturbation 
is localized in all directions. Note that the held enhance¬ 
ment factor here is much higher (for the same perturba¬ 
tion curvature radius) and reaches the values of the order 
of 10 5 near the avoided crossings. 


C. Two sharp corners on wire 


To clarify the situation when two sharp perturbations 
are present, we consider a wire of elliptical cross section 
with a well separated pair of corner-shaped perturbations 
of the form ([8]) . We assume that both perturbations have 
equal widths and curvature radii but different heights, hi 
and h 2 , and are located at ip = 0 and (/? = 7r/2 respec¬ 
tively. To demonstrate the sensitivity of the SLP exci¬ 
tation to the unperturbed wire shape, we consider the 
variable axis ratio a. 

As seen in Fig. 0, the resonant permittivity branches 
here also form avoided crossings near the intersections of 
the wire LP-branches (the lowest are given by e = aA 1 ) 
and the SLP-branches of the perturbations (independent 
of the wire cross section and represented by the horizontal 
lines). The local field enhancement at the perturbation 
apexes increases dramatically near the avoided crossing 
points as seen in Figs. 03 and0:. Importantly, the differ¬ 
ence in the perturbation height grants a well pronounced 
spectral isolation of these hot-spots and no interaction 
between them can be traced from our data. 
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FIG. 4: Plasmonic properties of elliptic wire of variable cross 
section axis ratio a with a pair of corner-shaped perturbations 
of the same half-width 5 = 0.05 and curvature radius p = 0.01 
and different heights, hi = 0.1 and hi = 0.025, located at 
p = 0 and ip = 7t/2 respectively, (a): The lowest resonant 
permittivity branches (solid) compared to those for the SLPs 
of the same perturbations of plane surfac<P^ (horizontal dot¬ 
ted) and for the LPs of elliptical wire (dashed), (b) and (c): 
Color maps of the local field enhancement factor on pertur¬ 
bations 1 and 2 respectively; the lowest SLP-branches for the 
same perturbations on plane surface and the LP-branches of 
the wire are shown as in (a); \e'\/s" = 20 is assumed. 


IV. DISCUSSION 

As we have seen, each small sharp perturbation of 
the nanoparticle shape supports plasmons superlocalized 
near the perturbation apex. Their frequencies are deter¬ 
mined by the corresponding perturbation shape. When 
one of SLP frequencies is close to that of the ordinary 
LPs (localized on the whole particle) a strong LP-SLP 
hybridization occurs enabling an LP-SLP synergy. The 
latter is very beneficial for the light-particle interactions: 


Large resonant excitation cross-section of LPs is com¬ 
bined with the high local-field concentration in SLPs. 
As a result, the whole particle plays the role of a nano¬ 
antenna that couples free-space light to the nanoscale 
volume at the top of the perturbation. 

When several small sharp perturbations are present, 
they are generally independent from each other. Accord¬ 
ingly, in real metal nanoparticles with possibly numerous 
small shape irregularities, only those SLPs will be selec¬ 
tively excited by light whose frequencies are close to the 
whole particle LP frequencies and only the corresponding 
perturbations will contribute to optical phenomena. 

The conditions of selective SLP excitation are sensitive 
to the external conditions. By adjusting the background 
permittivity by 10-20%, one can vary the local-field val¬ 
ues by orders of magnitude (see Figs. i 1 ##, andjdj:). 
A similar effect can be achieved by changing the close en¬ 
vironment, e.g. by displacing the adjacent nanoobjects. 
This paves the way for targeted design of multi-functional 
nanoscale optical systems based on metal particles with 
corner- and tip-shaped features. 

The chosen three-scale hierarchy of the particle shape, 
p <C 5 <C 1, implying smallness of the perturbations and 
their sharpness, is crucial for our considerations. It en¬ 
sures the compactness of the hybridization regions (espe¬ 
cially in the 3D case) and huge near-held enhancement 
near the perturbation apexes. Thus, for example, down¬ 
grading to a two-scale shape with p = 5 results in a dra¬ 
matic drop of |£| by several orders of magnitude. Prac¬ 
tically, the chosen scale hierarchy can be realized with 
the curvature radius of 1 nm, the corner/tip height and 
width in the range of 5 — 10 nm, and the particle size 
about 100 nm. Finally, the assumed ratio \e'\/e" = 20 
is a good estimate for silver in the visible, gold in the 
infrared, and aluminum in the ultraviolet EUES] 


V. CONCLUSION 

Plasmon resonances of metal nanoparticles with small 
sharp shape perturbations are hybrids of plasmons of 
the two elementary types: the superlocalized plasmons 
(SLPs) supported of the perturbations and the localized 
plasmons (LPs) of the unperturbed particles. An efficient 
optical excitation of an SLP is possible due to a strong 
LP-SLP hybridization when the SLP frequency is close to 
an LP frequency. Then the whole particle acts as a nano¬ 
antenna that selectively couples the free-space light to a 
nanoscale optical hot-spot at the top of the correspond¬ 
ing perturbation where the light fields are enhanced by 
several orders of magnitude. 
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